Abstract: Using conventional constituent-quark model, I = 1/2 scalar κ, vector K * (892), and axial vector K1 mesons are studied in the asqtad-improved staggered fermion with the wall-source and point-sink interpolators. The mass ratio of mκ/m K * (892) is numerically confirmed to vary apparently with quark mass, and the experimental ordering m K * (892) > mκ is elegantly hold when the light u/d quark masses are sufficiently small, while the valence strange quarks are fixed to its physical values. We also get reasonable signals for K1 meson suggested by SCALAR Collaboration from lattice QCD. The computations are conducted with the MILC N f = 3 flavor gauge configurations at three lattice spacings: a ≈ 0.15, 0.12, and 0.09 fm.
Introduction
In modern hadron physics, chiral symmetry plays an important role, and σ meson is a meaningful ingredient. κ meson can be naturally regarded as a member of nonet scalar states of the chiral SU (3) SU (3) symmetry due to the existence of σ meson. At present, σ and κ mesons are both listed in the Particle Data Group (PDG) [1] . Moreover, the presence of κ meson is strongly indicated by the recent experiments [2] [3] [4] [5] . K * (892) meson is a well-establishedstate belonging to SU (3) octet, some experimental analyses have precisely measured its mass [6] . Moreover, there are a few lattice studies on K * (892) meson [7] [8] [9] [10] . Using quenched approximation, SCALAR group have explored κ meson (i.e., I = 1 2 scalarqq) with relatively large quark mass, and found that the mass ratio of κ mass to K * (892) mass (i.e., m κ /m K * ) is about 2.0 with rather large statistical errors [11] [12] [13] [14] , which is not consistent with experimental ordering m κ < m K * (892) .
Note that the point-source and point-sink interpolators of I = 1 2 low-lying mesons unavoidably leads to large statistical errors due to the mixture of excited states, moreover, the lattice cutoff was not properly selected to house the large meson masses for rather small lattice size. Consequently, the SCALAR-determined κ masses should be only regarded as the upper limits, as commented by themselves in Refs. [11] [12] [13] [14] .
Using dynamical simulations and small quark mass, SCALAR group recently presented the preliminary result based on the variational method for the mass ratio of κ mass to ρ(770) mass at a single lattice ensemble, i.e., m κ /m ρ = 1.29 (5) [15] , which indicates that the mass ratio of m κ /m K * should be smaller than 1.29. All the SCALAR results indicate that the mass ratio m κ /m K * is definitely not constant, and rests on the quark mass. This is actually in agreement with Nebreda and Pelaez's brilliant expositions that κ mass has a much stronger dependence of quark mass than that of K * (892), in fact, it grows a factor of 3 faster [16] .
In our previous works, we follow SCALAR group's work to exploit the point-source and point-sink interpolators to study K * (892) decay width [10] and κ meson [17] . Nonetheless, as expected, we found that the statistical errors are not quite satisfactory, and the plateaus in the mass plots are not quite clear.
The noise-to-signal ratio in the lattice computation of a meson mass is generally proportional to e (m M −mπ )t , where m M is the desired meson mass. Hence, the most efficient way to improve statistics is to use smaller quark mass and finer lattice space. Lattice studies with staggered fermion are more economical than those with other discretizations, which permits lattice studies with larger lattice spatial dimension (L) or smaller quark mass. For these reasons, we carry out a lattice calculations on N f = 3 flavor MILC gauge configurations in the asqtadimproved staggered sea quarks. In this simulation, the valence strange quark is fixed to its physical mass, and we use a broad range of light valence quark mass, where the largest lattice dimension is 40 3 × 96, and the lowest pion mass is 240 MeV, which allow us to further explore the chiral limit.
Additionally, in order to efficiently reduce the overlaps to the excited states of I = 1/2 low-lying mesons we use the wall-source and point-sink interpolators, which are practised by MILC Collaboration to calculate hadron spectrum [7, 18] . As anticipated, the statistical errors are significantly reduced as compared with our previous works [10, 17] . Moreover, we found that mass ratio of m κ /m K * is quantitatively dependent on quark mass, and it is indeed larger than one for the larger quark mass. The by-product of this work is that K * (892) mass is turned out to be larger than κ mass when the light u quark mass is sufficiently small, thus, the experimental ordering m K * (892) > m κ is elegantly hold even we study them with simple constituent-quark model.
The high-statistics WA3 experiment established the existence of K 1 meson [19] . The axial vector K 1 meson are now listed in PDG with I(J P ) = 1 2
(1 + ) [1] , and the pioneering lattice studies of K 1 meson were investigated by SCALAR group [11] [12] [13] [14] . For completeness of the study on I = 1 2 low-lying mesons, we also attempt at K 1 meson, which is the possible candidate of the oscillating parity partner of K * (892) meson with staggered fermions [10] . In this work, the signals of K 1 meson are found to be acceptable.
Correlator
As explained early, to efficiently reduce the overlaps of excited states we use the wall-source and point-sink interpolators for the I = 1/2 low-lying mesons [7, 18] . In the present study, we use the staggered fermions, and the local lattice operators for the vector K * (892) meson, scalar κ meson, and axial vector K 1 meson are γ i ⊗ γ i , I ⊗ I, and γ i γ 5 ⊗ γ i γ 5 , respectively [20] [21] [22] [23] .
It is important to note that the κ, K * and K 1 propagators only involve a connected diagram and contain no disconnected part, which is difficult to calculate [11, 24] . Moreover, κ meson is a flavor non-singlet state, which can not mix with the glueball state. As a result, the signals of κ propagators should be relatively clear, and the lattice studies on the I = 1/2 low-lying mesons will be important way to shed some lights on the mystical structures of the scalar meson.
The staggered fermion meson propagators, in general, contains the single-particle form [23] ,
where desired-and opposite-parity states are included, and the opposite-parity states maintain the temporally oscillating prefactor (−1) t+1 [23] .
For K * (892) correlator, only one mass is taken with each parity [7, 18] , and the oscillating parity partner is a meson with J P = 1 + . K 1 meson is also with J P = 1 + , thus it is the possible parity partner of K * (892) meson. Nevertheless, the states with J P = 1 + can be multihadron states as well [10] . As MILC fitting a 1 meson, for axial vector K 1 correlator, we can, in principle, use threestate form to get acceptable fitting quality [7] . However, in practice, we can also obtain satisfactory fitting quality with only two-state form. In fact, this is partially physical, since the splittings between the ground and excited states are generally larger for K 1 meson. Furthermore, the parity partner of κ meson is K A meson [23] . As practised in our previous work [17] , κ correlators should be fit with the consideration of bubble comtribution.
We should remark at this point that our lattice investigation for K 1 meson is absolutely an ideal case [13] , since K 1 meson is actually from the mixing between I = 1/2 J P C = 1 ++ and 1 +− state [13] , which are of pseudoscalar-vector character [25] .
Simulations and results
In the present study, we use the MILC N f = 3 flavor gauge configurations with asqtad-improved staggered sea quarks [7, 26, 27] . The simulation parameters of the MILC gauge configurations are listed in Table 1 , where a broad range of quark mass is included to investigate the mass ratios of m κ /m K * , especially at small quark masses, which are not explored by SCALAR collaboration yet. The gauge configurations were gauge-fixed to Coulomb gauge before calculating the propagators. For simple notation, it is convenient to use (am l , am s ) to identify the MILC lattice ensembles. Moreover, it is MILC's convention to call lattice ensembles as "fine" for spatial lattice spacing a ≈ 0.09 fm, "coarse" for a ≈ 0.12 fm, and "medium-coarse" for a ≈ 0.15 fm, respectively.
The standard conjugate gradient method is utilized to acquire the required matrix elements of inverse Dirac fermion matrices. All the numerical calculations are evaluated in double precision to avoid the potential roundoff errors, and the conjugate gradient residual is selected to be 1.0×10
−5 , which is generally smaller than that of generating the MILC gauge configurations [7] . Moreover, in order to improve the statistics, all the propagators are calculated from a given number of time slices (N slice ) which are indicates in the ninth Column of Table 1 . The time slices are evenly spread through the lattice, namely, only one source time slice was chosen at a time. At the end of the evaluation, we gather all the propagators. It should be worthwhile to stress that we can adjust the values of N slice for each lattice ensemble to guarantee the extraction of relevant masses with desired precision. , respectively. L = aNL is the lattice spatial dimension in fm, and pion masses are given in MeV. The physical strange-quark mass is indicated by ams [27] . The number of gauge configurations used in this work is given by N cfg , and the number of time slices calculated the propagators for each configuration is shown by N slice . Last Column gives our lattice-measured ρ mass in lattice units. The valence u/d quark masses are set to its dynamical quark masses for all lattice ensembles, while valence strange quark is fixed to its physical mass, which was determined by MILC Collaboration [27] . In the usual manner, we extracted π, K, and fictitious ss masses [7] . These pseudoscalar masses are used to evaluate the bubble contribution to κ correlators [17] , where three low energy couplings (µ, δ A , and δ V ) are fixed to the MILCdeterminated values [28] . After neatly removing the unwanted bubble terms from κ propagators, the remaining κ propagators have a clean information, we then fits them with the physical model in Eq. (1).
As practised in Ref. [7] , the propagators of I = 1/2 low-lying mesons are commonly fit by changing the minimum fitting distances D min and putting the maximum distances D max either at T /2 or where the fractional statistical errors for two consecutive time slices are roughly beyond 30%. The mean value and statistical error at each time slice are computed by the jackknife technique. The masses of κ, K * (892) and K 1 mesons are secured from the effective mass plots, and they were cautiously picked up by the overall assessment of the plateau in the mass as the function of D min , good fit quality, and D min large enough to suppress the excited states [7, 17] .
For MILC fine, coarse, and medium-coarse lattice ensembles, we give an example effective mass plots of κ, K * (892) and K 1 mesons, which are exhibited in Fig. 1 . We found that the plateaus for K * (892) meson are clear, and the effective mass plots commonly have small uncertainties within a broad minimum time distance region for the fine (0.0031, 0.031) ensemble, coarse (0.005, 0.05) ensemble, and medium-coarse (0.00484, 0.0484) ensemble. Note that the statistics of K * (892) meson is significantly improved as compared with our previous study for the (0.00484, 0.0484) ensemble [10] , where the point-source and point-sink interpolators are used.
From Fig. 1 , we notice that the plateaus for κ meson are obvious, and are remarkably enhanced as compared with our previous studies [17] , where the pointsource interpolator is used, and its plateaus are often pretty short [17] . It is interesting and important to note that the plateaus of κ meson are clearly below those of K * (892) meson for all three lattice ensembles, and the effective mass plots commonly has small errors within a relatively broad minimum time distance region: 9 < D min < 18 for the (0.0031, 0.031) ensemble, 4 < D min < 15 for the (0.005, 0.05) ensemble, and 4 < D min < 9 for the (0.00484, 0.0484) ensemble. Fitting K 1 meson is challenging due to its large mass. From Fig. 1 , we note that the plateaus in the effective mass plots are often short. This is not surprise for us since K 1 meson is a p-wave meson [7] . In practice, we have to select the enough small D min to get the acceptable fits, and only the time range 4 ≤ D min ≤ 6 is considered.
The extracted masses of κ, K * (892) and K 1 mesons, along with fitting ranges, fitting qualities, are summarized in Table 2 . The last block gives the mass ratios m κ /m K * , where the errors are inherited from the statistical errors of both κ and K * (892) mesons. It is worth mentioning that that κ mass and K * mass have only small statistical errors, and the errors of K 1 mass are also reasonable. This reveal that the usage of wall-source and point-sink interpolators is a key technique in this work. Of course, the summations over an enough number of time slices for propagators also pay a important role. In order to intuitively see the pion mass dependence of κ, K * (892) and K 1 mesons, we plot these masses as the function of (am π ) 2 in Fig. 2 . We should remark at this point that we can not directly compare our results for K * (892) meson with those of MILC determinations [7, 18] since the valence strange quark masses are usually set to be equal to its sea quark by MILC collaboration [7, 18] , while we fix the valence strange quark to be its physical mass in the present study. To fairly compare our calculation, we list our lattice-measured ρ meson in last column of Table 1 , which are in well agreement with the MILC determinations [7, 18] . Moreover, our lattice-measured pion masses listed in Column 5 of Table 1 are also perfectly consist with the MILC determinations [7, 18] . Table 2 .
Summaries of I = 1/2 low-lying meson masses. The second, third, fourth blocks show the fitted value of mK * , its fit range, and fit quality: χ 2 divided by number of degrees of freedom, respectively. The fifth, sixth, and seventh blocks give the fitted value of mκ, its fit range, and fit quality, respectively. The eighth, ninth, tenth blocks give the fitted value of mK 1 , its fit range, and fit quality, respectively. The last block gives the mass ratios of mκ/mK * . From Table 2 and Fig. 2 , we clearly found that mass ratios of m κ /m K * definitely vary with quark mass, especially at lower quark masses. Note that it is not a crude linear form on the whole, but on large quark masses, we can roughly approximate it in a linear form. On small quark masses, the chiral logarithms are keenly discerned. To make our reports more intuitive, these mass ratios are also presented graphically in Fig. 3 as a function of pion mass. Note that the mass ratios of m κ /m K * are dimensionless quantities, and we calculate these ratios at three MILC lattice spacings, consequently it is appropriate to exhibit our results in terms of dimensionless quantities, and pion masses are then scaled with the MILC scale r 1 [7] . The definition of r 1 and the benefits of using r 1 is discussed in Ref. [7] .
As expected, we indeed reproduce the relatively large mass ratios of m κ /m K * for large quark masses, which is fairly consistent with the SCALAR group's recent tentative results, where the mass ratio of m κ /m K * are indicated to be smaller than 1.29(5) for a single lattice ensemble with the hopping parameter h u/d = 0.1390 [15] . Note that the mass ratio of m κ /m K * for the SCALAR group's early lattice results [11] [12] [13] , have a rather large statistical error (about 30%), this is partially due to the usages of large quark masses, and the point-source and point-sink interpolators. Our previous works about κ meson also suffered from the huge statistical error due to the usage of the point-source and point-sink interpolators [10, 17] . medium-coarse coarse fine Fig. 3 . Mass ratios of mκ/mK * as a function of r1mπ with the MILC scale r1 [7] for MILC "fine", "coarse" and "medium-coarse" lattice ensembles. The brown dotted line indicates the position of mκ = mK * .
It is interesting and important to note that mass ratios of m κ /m K * are small than one when the quark masses are small enough. This is not surprise for us at all. It is well-known that the vector ρ meson grows slower than the scalar σ meson with the pion mass varying [29] . Likewise, the vector K * (892) should grow slower than the scalar κ meson. Our lattice simulation indeed illustrate that K * (892) meson grows slower than κ meson when the pion mass is varied (the valence strange quarks are fixed to its physical ones), which is it is qualitatively consistent with Nakamura's lattice results in Fig. 6 of Ref. [14] . Moreover, these features are also qualitatively consistent with Nebreda and Pelaez's statements that κ mass has a much stronger dependence of the quark mass than that of K * (892) meson [16] . Consequently, K * (892) mass is larger than κ mass when pion mass is sufficient small, * therefore, the experimental ordering m K * (892) > m κ is nicely kept even we study them with the simple constituent-quark model. This is an encouraging and exciting result.
Summary and outlook
In this work, we employ the simple constituent quark model to study I = 1/2 low-lying κ, K * and K 1 mesons using the MILC N f = 3 flavors gauge configurations with asqtad-improved staggered sea quarks. We employ the wall-source and point-sink interpolators for κ, K * and K 1 mesons, and the signals for κ and K * mesons are found to be significantly improved as compared with these using point-source and point-sink interpolators [11] [12] [13] [14] 17] , and also can comparable with recent results of SCALAR group with variational method [15] .
We should remember that the effective mass plots of κ meson still suffers from the large errors at large D min . Moreover, the signals of K 1 meson are not satisfactory. Our lattice attemptation of K 1 meson are absolutely in the preliminary stage. This is not surprise for us since K 1 meson are mixture of two SU (3) eigenstates, which have pseudoscalar-vector character [25] . Additionally, K 1 meson is unstable and usually lead to new levels from the decay products [30] . These natures should be appropriately incorporated in the K 1 interpolators for more sophisticated lattice simulation.
In this paper, κ mass and K * (892) mass are secured with acceptable quality, and consequently mass ratio of m κ /m K * is obtained with relatively small errors. As anticipated, the mass ratio of m κ /m K * is numerically confirmed to vary with pion mass, and the experimental ordering m K * (892) > m κ is nicely hold for enough small light quark mass. This will somewhat aid researchers to examine the intrinsic attribute of scalar meson.
Admittedly, since the strange quark mass m s is larger than the light up quark mass m u , the observed mass ordering m a 0 (980) > m κ can not be reconciled with the conventionalūd andūs states. The tetraquarks interpretations of scalar mesons can realize this experimental ordering [31] [32] [33] [34] [35] [36] [37] . It should be worthwhile to stress that the properties of the scalar resonance a 0 (980), whose mass is in the vicinity of KK threshold, should consider KK scattering, which is suggested by ETM Collaboration in Ref. [34] . Recently, there is a lattice attempt at KK scattering [38] . Nonetheless, the robust calculations of KK scattering should adopt the finer lattice ensemble and small light quark masses [38] , thus, this kind of task needs astronomical computer resources, we reserve this ambitious work in the future.
Additionally, from Table 2 and Fig. 2 , we discern that the signals of κ and K 1 for lattice ensembles with small pion mass are commonly better. Moreover, the bubble contribution to κ operator should be further suppressed for enough lattice spatial extent L. For these purposes, we are preparing a lattice study with the MILC superfine lattice ensembles. Furthermore, we are also planing to use the variational method, which includes the traditional quark-antiquark operators and four-quark structure, to study the scalar mesons [15, 37] . We expect the signals of the relevant propagators will be significantly further improved.
The reliable extraction of κ and K * (892) masses from two-point correlation functions will inspire us to further investigate resonance masses of K * (892) and κ [10, 39] since both K * (892) and κ mesons are resonances. Moreover, this will stimulate us to study σ meson from lattice QCD [24] . We will unceasingly and undauntedly appeal for the computer resources to accomplish these fascinating and prospecting enterprises.
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